ABSTRACT. We prove that the diagonal operator defined by a positive sequence preserves tropical and central indices if and only if the sequence is log-concave. In particular we obtain an elementary proof of that such an operator preserves the set of signindependently real-rooted polynomials if and only if the sequence is log-concave.
RESULTS
Consider the polynomial ring R[z] consisting of all real univariate polynomials. Let γ = {γ n } ∞ n=0 be a sequence of real numbers, to which we associate the diagonal operator T γ : R[z] → R[z] defined by z n → γ n z n , for n = 0, 1, . . . , and extended to R[z] by linearity. The sequence γ is said to be a multiplier sequence if T γ preserves the set of real-rooted polynomials, see [1] for background information and applications.
We borrow the following notation from Wiman-Valiron theory, see, e.g., [2] . A nonnegative integer m is said to be a central index of the polynomial Condition (1) has recently appeared in the context of amoebas, see, e.g., [5] . To relate (1) to real-rootedness, we recall that a real polynomial is said to be sign-independently real-rooted if any polynomial obtained by arbitrary sign changess of its coefficients is real-rooted, see [3] .
Proposition 1. A real polynomial f of degree d is sign-independently real-rooted if and only if each index n
In this article, we discuss sequences γ that preserve the set of central indices. In addition, we introduce the following notion. A non-negative integer m is said to be a tropical index of f if there exists a number z m ≥ 0 such that Notice that (2) is the analogue of (1) when the right hand side of (1) is interpreted as a tropical sum. A polynomial f of degree d is said to be tropically real-rooted if and only if each index n = 0, . . . , d is a tropical index of f . As the definition of central and tropical indices only depend on the moduli |a n |, they are immediately extended to complex polynomials. However, for simplicity, we will henceforth assume that a n ≥ 0 for all n, and we will consider only positive sequences γ. Such a sequence is said to be log-concave if γ 2 n ≥ γ n−1 γ n+1 for all n. In [3] it was proven, using discriminant amoebas, that the diagonal operator T γ associated to the sequence γ preserves the set of sign-independently real-rooted polynomials if and only if γ is logconcave. For this reason, log-concave sequences are said to be multiplier sequences of the third kind (we will say that γ is a tropical multiplier sequence).
Definition 1.
A sequence γ is said to be a tropical (resp. central) index preserver if for each polynomial f the set of tropical (resp. central) indices of f is a subset of the set of tropical (resp. central) indices of
Our main results are as follows.
Theorem 1. A positive sequence γ is a tropical index preserver if and only if it is logconcave.

Theorem 2. A positive sequence γ is a central index preserver if and only if it is logconcave.
As a corollary, we obtain an elementary proof of Using Lemma 1, we could rephrase Theorems 1 and 2 in a manner similar to the classical result of Pólya and Schur [4] . Namely, a positive sequence γ is a central and tropical index preserver if and only if the tropical symbol P γ (z) is tropically real-rooted.
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In particular, m is not a tropical index of P γ (z). . As a n = 0 for each n, these two numbers sums up to d, implying that f (z) is real-rooted. Since the signs of the coefficients were chosen arbitrary, we are done.
Proof of Corollary 1. It follows from Proposition 1 that a positive sequence preserves the set of sign-independently real-rooted polynomials if and only if it preserves central indices, and it follows from Theorem 2 that a positive sequence preserves central indices if and only if it is log-concave.
